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Abstract In this paper we present a new efficient modification of the homotopy per-
turbation method with x3 force nonlinear undamped oscillators for the first time that
will accurate and facilitate the calculations. The He’s homotopy perturbation method
is modified by adding a term to linear operator depends on the equation and bound-
ary conditions. We find that this modified homotopy perturbation method works very
well for the wide range of time and boundary conditions for nonlinear oscillator. Only
two or three iteration leads to high accuracy of the solutions. We then conduct a com-
parative study between the new modification and the homotopy perturbation method
for strongly nonlinear oscillators. Numerical illustrations are investigated to show the
accurate of the techniques. The new modified method accelerates the rapid conver-
gence of the solution, reduces the error solution and increases the validity range. The
new modification introduces a promising tool for many nonlinear problems.
Keywords Homotopy Perturbation Method (HPM) · Nonlinear undamped
oscillator · Convergence
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1 Introduction
The development of numerical techniques for solving nonlinear algebraic equations
is a subject of considerable interest. There are many papers that deal with nonlinear
algebraic equations. The application of homotopy perturbation method in linear and
nonlinear problems has been devoted by scientists and engineers [1–19], because this
method is to continuously deform a simple problem which is easy to solve into the
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under study problem which is difficult to solve. This method, homotopy perturbation
method (HPM), proposed first by He [1, 2], for solving differential and integral equa-
tions, linear and nonlinear has been the subject of extensive analytical and numerical
studies. The method is a coupling of the traditional perturbation method and homo-
topy in topology. This method, which does not require a small parameter in an equa-
tion, has a significant advantage in that it provides an analytical approximate solution
to a wide range of nonlinear problems in applied sciences. This HPM has already
been applied successfully to solve Laplace equation [3], nonlinear dispersive K(mp)
equations [4], heat radiation equations [5], nonlinear integral equations [6], nonlin-
ear heat conduction and convection equations [7], nonlinear oscillators [8], nonlinear
Schrödinger equations [9], nonlinear wave equations [10], nonlinear chemistry prob-
lems [11], and to other fields [11–19]. This HPM yields a very rapid convergence of
the solution series in most cases, usually only a few iterations leading to very accu-
rate solutions. Thus He’s HPM is a universal one which can solve various kinds of
nonlinear equations.
Recently, some modifications of this method have published to facilitate and ac-
curate the calculations and accelerate the rapid convergence of the series solution and
reduce the size of work [20–25] and some new methods were found to overcome the
shortcomings, such as parameter-expansion method [36–41]. It is the purpose of the
present paper to introduce a new reliable modification of the HPM. The new modifica-
tion demonstrates an accurate solution if compared with standard HPM, and therefore
it has been shown that to be computationally efficient in applied fields. In addition the
new modified HPM may give the exact solution for nonlinear equations by using two
iterations only. The obtained results suggest that this newly improvement technique
introduces a powerful improvement for solving nonlinear problems.
In this study, we have applied new modification HPM to find the approximate
solutions of nonlinear differential equation governing strongly nonlinear oscillators
and have made a comparison with the numerical solution. MATLAB software [26]
command ODE45 has been used and considered as numerical solution.
2 Analysis of the method
2.1 The standard HPM
To illustrate the basic ideas of this method, we consider the following nonlinear dif-
ferential equation:
A(u) − f (r) = 0, r ∈  (2.1)
Considering the boundary conditions of:
B(u, ∂u/∂n) = 0, r ∈ , (2.2)
where A is a general differential operator, B a boundary operator, f (r) a known
analytical function and  is the boundary of the domain .
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The operator A can be divided into two parts of L and N , where L is the linear
part, while N is a nonlinear one. Equation (2.1) can, therefore, be rewritten as:
L(u) + N(u) − f (r) = 0 (2.3)
By the homotopy technique, we construct a homotopy as v(r,p) :  × [0,1] → 
which satisfies:
H(v,p) = (1 − p) [L(v) − L(u0)] + p
[
A(v) − f (r)] = 0, p ∈ [0,1], r ∈ ,
(2.4)
Where p ∈ [0,1], is an embedding parameter and u0 is an initial approximation which
satisfies the boundary conditions. Obviously, considering (2.4) we will have:
H(v,0) = L(v) − L(u0) = 0
H(v,1) = A(v) − f (r) = 0 (2.5)
The changing process of p from zero to unity is just that of v(r,p) from u0(r) to
u(r). In topology, this is called deformation, and L(v) − L(u0) and A(v) − f (r) are
called homotopy. According to HPM, we can first use the embedding parameter p as
“small parameter”, and assume that the solution of (2.4) can be written as a power
series in p:
v = v0 + pv1 + p2v2 + . . . (2.6)
Setting p = 1 result in the approximate solution of (2.4):
u = lim
p→1 v = v0 + v1 + v2 + . . . (2.7)
The combination of the perturbation method and the homotopy method is called the
HPM, which lacks the limitations of the traditional perturbation methods, although
this technique can have full advantages of the traditional perturbation techniques.
The series (2.7) is convergent for most cases. However, the convergence rate de-
pends on the nonlinear operator A(v). The following opinions are suggested by He
[1, 2]:
1. The second derivative of N(v) with respect to v must be small because the para-
meter p may be relatively large, i.e. p → 1.
2. The norm of L−1∂N/∂v must be smaller than one so that the series converges.
2.2 The new modified HPM
The present new modified HPM that is used to solve the nonlinear undamped oscil-
lator is similar to standard HPM. In this way, we add and subtract a linear term such
as Cx(t) to the main governing equation which x is depending variable, t is inde-
pendent variable and C is a constant coefficient. In this way the governing equation
remain unchanged, but we choose just one of the additional terms for using in linear
operator. This term which is added to liner operator, prevent from divergent solution
and it cusses the rapid convergent and much accurate solution if compared with the
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standard HPM. The only different between present HPM and standard HPM is the
linear operator and the other procedures are the same for both cases.
The additional term depends on the form of the main equation and boundary con-
ditions that this term is changed from a problem to another one. The presented mod-
ified linear operator plays the main rule in solution. This new modified of homotopy
perturbation method is introduced for the first time and it can be developed for many
oscillator and none oscillator problems which standard HPM can’t solve them as well.
3 Applications
To demonstrate the effectiveness of the proposed new modification and to compare
the new modification of the HPM with the standard HPM, we have chosen differential
equations as:
x¨ + αx + εx3 = 0 (3.1)
Subjected to initial condition as:
x(0) = A, x˙(0) = 0 (3.2)
There are several studies on this nonlinear equation with different value of α and ε
[27–35]. Various types of this equation studied by means of Adomian decomposition
[27], artificial parameter-decomposition [28], variational iteration method [29, 34,
35], He’s parameter-expanding [30] and homotopy perturbation method [32].
3.1 The standard HPM
In view of the homotopy (2.4), and after separating the linear and nonlinear parts, we
have:
(1 − p) (x¨ + αx − (x¨0 + αx0)) + p
(
x¨ + αx + εx3
)
= 0 (3.3)
Assume that the solution of (3.3) can be written as a power series in p:
x = x0 + px1 + p2x2 + . . . (3.3a)
Substituting (3.3a) and the initial conditions (3.2) into the homotopy (3.3) and equat-
ing the terms with identical powers of p, we obtain the following set of linear differ-
ential equations:
p0: x¨0 + αx0 = 0, x0(0) = A, x˙0(0) = 0
p1: x¨1 + αx1 + εx30 = 0, x1(0) = 0, x˙1(0) = 0
p2: x¨2 + αx2 + 3εx20x1 = 0, x2(0) = 0, x˙2(0) = 0
p3: x¨3 + αx3 + 3εx20x2 + 3εx0x21 = 0, x3(0) = 0, x˙3(0) = 0
p4: x¨4 + αx4 + 3εx20x3 + 6εx0x1x2 + εx31 = 0, x4(0) = 0, x˙4(0) = 0
...
(3.4)
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Consequently, solving the above equations, the first few components of the homotopy
perturbation solution for (3.4) are derived as follows when α = 0:





















α − 36t sin(3√αt)α + cos(5√αt)√α (3.5)
− 24 cos(3√αt)√α
+ 96t sin(√αt)α − 72 cos(√αt)a 32 t2),
...
When α reads zero, solving the above equations results in the following answers:













Having xi, i = 1,2, . . . , n, the solutions are as follows:
x(t) = x0(t) + x1(t) + . . . + xn(t) (3.7)
3.2 The new modified HPM
To illustrate the new modified HPM or rather new modified linear operator, we con-
sider the additional term as f (A) for (3.1) which A comes from the initial condition;
this manner let us to choose a additional term function of boundary conditions; in this
way we have:
x¨ + f (A)x − f (A)x + αx + εx3 = 0 (3.8)
Now, i.e., we consider just one of the additional terms for linear operator:
L(x) :≡ x¨ + f (A)x + αx (3.9)
If we consider the solution as x = ∑nk=0 βkeskt and substitute to the characteristic
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On the other hand, if we expand (2.4) with (3.7), the coefficient of P 0 is:
x¨0 + f (A)x0 + αx0 = 0 (3.12)
Characteristic equation of this equation is written as:
s20 = −f (A) − α (3.13)
From (3.11), we have
s20 = −(α + ε(β0es0t )2) (3.14)
x0 = β0es0t = Aes0t
From (3.14), we have
s20 = −(α + ε(Aes0t )2) (3.15)
From (3.13) and (3.15), we have:
f (A) = ε(Aes0t )2






∣∣∣ = εA2 (3.16)
f (A) = εA2
In view of the (3.7) and (3.16), we have:
x¨ + (εA2 + α)x − εA2x + εx3 = 0 (3.17)
We construct the following homotopy and consider the linear term as x¨+ (εA2 +α)x:
(1 − p)(x¨ + (εA2 + α)x − (x¨0 + (εA2 + α)x0)) + p(x¨ + αx + εx3) = 0 (3.18)
Substituting (3.3a) and the initial conditions (3.2) into the homotopy (3.18) and equat-
ing the terms with identical powers of P , we obtain the following set of linear differ-
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ential equations:
p0: x¨0 + αx0 + εA2x0 = 0, x0(0) = A, x˙0(0) = 0
p1: x¨1 + αx1 − εA2x0 + εA2x1 + εx30 = 0, x1(0) = 0, x˙1(0) = 0
p2: x¨2 + αx2 − εA2x1 + εA2x2 + 3εx20x1 = 0, x2(0) = 0, x˙2(0) = 0
...
(3.19)
Consequently, solving the above equations, the first few components of the homotopy
perturbation solution for (3.19) are derived as follows:




32(εA2 + α) 32
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x(t) = x0(t) + x1(t) + x2(t) + . . . (3.21)
4 Result and discussion
Example 1 Consider the governing equations of motion of free undamped Duffing’s
oscillator [27–31]:
x¨ + x + x3 = 0, x(0) = A, x˙(0) = 0 (4.1)
Has observed that although the series can be rapidly convergent in a very small region,
it has very slow convergence rate in the wider region and the truncated series solution
is an inaccurate solution in that region, which will greatly restrict the application area
of the method [27]. The comparison between ADM and exact solution was shown in
this [27] and they have shown that ADM is valid for small region.
The presented HPM solution is obtained from (3.20), considering just the two first
term(x(t) = x0(t) + x1(t)) and with substituting ε,α as 1,1 respectively. The stan-
dard HPM solution is obtained from the (3.5) with the 5 term (i = 0, . . . ,4) and also
substituting ε,α as the same with previous one. Figure 1 compares the different so-
lutions with numerical solution when A = 1.8, the same with [27]. In this case, HPM
and ADM are just valid for short region, but the new modification HPM solution with
two terms exactly the same with the numerical solution for this strongly nonlinear
problem.
Figure 2 shows the comparison between numerical solution, standard HPM and
new modification HPM for different amount of A. When A reads 1 (Fig. 2(a)), the
188 D.D. Ganji et al.
Fig. 1 The comparison between standard HPM, present HPM, ADM and numerical solutions for A = 1.8
for Example 1
Fig. 2 The comparison between presented HPM, standard HPM and numerical solution for (a) A = 1 and
(b) A = 4 for Example 1
new modification HPM solution is almost valid for large wide range of times (t = 10)
that shows that present method can solve this strongly nonlinear oscillators with high
degree of accurate by the two first terms only. When A increases, our validity range is
confined to smaller value of time. The result for A = 4 have been shown in Fig. 2(b)
that shows present solution validity range restricted to t < 4, but we can increase the
validity range with increasing the terms of solution to more than 2 terms. In both
cases (A = 1,4), the standard HPM solutions with O(p4) are just valid for short
region.
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Fig. 3 The comparison between present HPM, standard HPM and numerical solution for (a) A = 1 and
(b) A = 4 for Example 2
Fig. 4 The comparison between present HPM, standard HPM and numerical solution for
(a) A = 1.5, ε = 0.5, α = 3, (b) A = 5, ε = 0.5, α = 3, (c) A = 0.75, ε = 1.5, α = 0.5 and
(d) A = 1.5, ε = 1.5, α = 0.5
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Example 2 Consider the governing equations of motion of oscillator as [28–30, 32–
35]:
x¨ + x3 = 0, x(0) = A, x˙(0) = 0, (4.2)
Equation (3.20) gives us the new modification of HPM solution by substitution ε,α
as 1,0 respectively. In this case, the standard HPM solution is obtained with ε = 1
and the (3.6) which specifies for α = 0. Figure 3 shows the comparison between
numerical solution, standard HPM and new modification HPM for different amount
of A. When A reads 1 (Fig. 3(a)), the new modification HPM solution is almost valid
for large wide range of times (t = 7.5). The result for A = 4 have been shown in
Fig. 3(b). In both cases (A = 1,4), the standard HPM solutions with O(p6) are just
valid for short region.
Example 3 With substituting α = 3 and ε = 0.5 in (3.1), we have:
x¨ + 3x + 0.5x3 = 0, x(0) = A, x˙(0) = 0 (4.3)
And with α = 0.5 and ε = 1.5, (3.1) is written as:
x¨ + 0.5x + 1.5x3 = 0, x(0) = A, x˙(0) = 0 (4.4)
Figure 3 shows the comparison between numerical solution, standard HPM and
present HPM for different value of A,α and ε. These figures show validity of our
new modification of HPM for different value of ε and α.
5 Conclusion
The new modified HPM is implemented to solve the x3 force strongly nonlinear
undamped oscillators and compared with numerical solution and standards HPM and
ADM. The obtained results show that the new modification HPM is more accurate
than the standard one and also this new method is valid for wide range. This method
is more computationally efficient and it can give us high degree of accurate with two
iterate.
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